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The unification (or near-unification) of the gauge couplings at Mq k, 10 16 GeV has 
catalysed intensive study of the supersymmetric standard model (SSM). The evolution 
of the Yukawa couplings from Mz to Mq is also of interest. For small tan f3, the t-quark 
Yukawa coupling yt exhibits quasi-infrared fixed point (QFP) behaviour jy], and the corre- 
sponding form of yt(/J>) is favourable for b/r unification at Mq. For large tan f3, trinification 
{\)t{Mo) = yb{Mo) = y T (Ma)) is possible^]. Contemporary analyses generally employ the 
two-loop gauge and Yukawa /3-functions, and apply one loop corrections in the low energy 
theory. In general the change in low energy predictions resulting from use of two-loop 
rather than one-loop /^-functions is quite small; it appears that perturbation theory is 
reliable. In this paper we take the first step beyond these calculations by presenting the 
three loop /3-functions for the dimensionless couplings. We deduce the three-loop Yukawa 
/3-functions from the recent dimensional reduction (DRED) calculation of the three loop 
anomalous dimension of the chiral supermultiplet in a general N = 1 theory [Q. We also 
need the three-loop gauge /3-functions. In Ref. || it is shown by explicit calculation that 
in the abelian case the DRED result for f3^ differs from that obtained from the exact 
NSVZ formula of Ref. by a simple coupling constant redefinition, and the corresponding 
redefinition for the non-abelian case is inferred. From Ref. Q we are thus able to obtain 
the DRED results for the three-loop gauge /^-functions. In fact the effect of using these 
rather than the results of Ref. || is very small in the examples we present here. 

We run gauge and Yukawa couplings between Mz and Mq and compare the results 
with the corresponding calculations at one and two loops. In general the three-loop effects 
are small and opposite in sign to the two-loop ones; certainly not more significant than 
one- and two- loop radiative corrections at Mz (some of which are not yet calculated). We 
do not, therefore, perform detailed phenomenological analysis. The relevant part of the 
SSM superpotential is: 



W = H 2 tY t Q + H x bY h Q + H x tY t L 



(1) 



where Y t , Yb, Y T are n g x n g Yukawa matrices, and we define 



T = Y}Y ti B = Y b \,E = Y?Y T ,f = Y t Y t \ B = Y b y},E = Y T Y} . 



(2) 



The SUs <S> SU2 ® Ui gauge /3-functions are as follows: 



(3 9i = (16^)-%gf + (16vr 2 )- 2 ^ 3 J>^ 2 - a, + (I6^f3 g f +■■■ (3) 
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where 



&i = 2n g + §, 6 2 = 2n g - 5, 63 = In, 



ai = f trT + ^trB + ftrT, 



02 



= 6trT + 6trB + 2trT, a 3 = 4trT + 4trB 



(4) 



and 
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The three loop terms are| 
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For the anomalous dimensions of the chiral superfields we have at one loop: 
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and at two loops 0: 
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The three loop results are[ 
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In terms of the anomalous dimensions, the Yukawa /^-functions are: 



PY t =ltYt+Y t ( lQ +j H2 ), P Yb =ybY b +Y b ( lQ +y Hl ), Py t =JtY t +Y t ( 7l +j Hi ). (11) 

In the approximation that we retain only 0:3 and the t-quark Yukawa coupling yt then we 
have (for n g = 3): 

16tt 2 /?W = y t (6y 2 - f gj), (12a) 
(167r 2 ) 2 /3g) = y t {-22yt + Wy^gj - f a 3 4 ), (126) 
(167r 2 ) 3 /3g) = W ([102 + 6«]y? + f^I - [?f + 48^ 2 a 3 4 + + f^]<7 3 6 ). (12c) 

We see that for values of in the neighbourhood of or greater than the one-loop QFP 

(2) (3) 

(which corresponds to y t ~ 1) we have (3 yt < and (3y t > 0. We may therefore expect 
that where three loop contributions are not completely negligible they will tend to cancel 
the two loop contributions. We will see examples of this behaviour presently. 

top Yukawa evolution 




top Yukawa, weak scale 



Fig.l: Plot of y t {Mo) against y t {M z) ■ The solid, dashed and dotted 
lines correspond to one, two and three-loop ^-junctions respectively. 

For small tan/3, QFP behaviour is of interest because there is a large domain of pos- 
sible values of yt(Mc) that lead to the same value of yt(Mz)- (For a recent discussion, 
see Ref. 0.) It is important, however, to consider to what extent this domain is re- 
stricted by the requirement of perturbative believability. Setting 03 = above, we see that 

(2) (i) (3) (2) 

\P¥ /Py\ ~ 1 for y t « 6.6 while \^'/^'\ « 1 for y t « 4.9. So since the QFP corresponds 

to yt ~ 1.1, we may expect there to be a good sized domain available for yt(Mo) such that 
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we have both perturbative believability and approach to the QFP at low energies. This is 
illustrated in Figure 1, where (with m^ oIe = 175GeV, and using the complete /3-functions, 
not the Eq. fll2|) approximations) we plot yt(Mc) against y t (Mz), for values close to the 
QFP. The breakdown of perturbation theory at y t (Mo) « 6 is clearly seen. 

In our running analysis f we take the effective field theory to be the SSM for all scales 
between Mz and Mq: see Ref. || for a discussion of this procedure. A reason to prefer 
this to the traditional stepwise method is that the latter involves non-supersymmetric 
intermediate theories for which (beyond one loop) use of DRED rather than DREG is 
problematic [[K|. This choice, means, of course, that the input values of «i^3 are sensitive 
to our assumptions about the sparticle spectrum. We have corrected for this at one-loop 
using Ref. Q; of course we should use two-loop corrections for consistency, as we should, 
for example, in converting the running m t to the pole nit. These calculations remain to be 
done however; there exists a result for the two- loop gluon contribution to mj? ole but this 
is in DREG not DRED. We do not impose trinification of the gauge couplings, since this 



leads to somewhat high values of as(Mz); for a discussion and references see Ref. |TT 



We input as and define unification to be where a\ and «2 meet. Our input values at Mz 
are ot\ = 0.0167, «2 = 0.032 and «3 = 0.1. These values correspond to a superpartner 
spectrum with an effective supersymmetric scale[^2|of Tsusy = ITeV, and ctf 1 ^ = 0.117. 



Trinification 



60- 



59 - 



58- 



1 57- 



56- 



55- 




54 1 1 1 1 1 1 1 1 

172 173 174 175 176 177 178 179 180 181 

top mass 

Fig. 2: Plot of tan/3 against m^ ole with Yukawa trinification. The 
solid, dashed and dotted lines correspond to one, two and three-loop in- 
junctions respectively. 



t For a different approach to this running analysis based on the NSVZ (3 g , see Ref. 
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In Figure 2 we plot tan/3 against m t assuming trinification (y t = yb = y T ) at Mq. 
As anticipated, the three loop corrections counteract (to some extent) the two loop ones. 
Their effect, while small, is not completely negligible. Proximity of yt and yb to their QFPs 
leads to an upper limit mt ~ 181GeV. (In comparing with, for example Fig. 1 of Ref. ||13|1 , 
it is important to note that there they have taken the sparticle masses to be at Mz-) 



Bottom-tau unification 



5.5r 

5.4- 
5.3 - 
5.2 - 



nj 5.1 

E 



; 4.9 
i 

4.8 
4.7 - 
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4.5- 




2 3 



4 5 6 7 

tan beta 
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Fig. 3: Plot of m^ ole against tan/3. The solid, dashed and dotted lines 
correspond to one, two and three-loop ^-junctions respectively. 

As another example, consider the low tan (3 region. In Figure 3 we plot rn^ ole against 
tan (3, where we have imposed b — r unification. (For running from Mz to mj we use the 
SU3® U\ (3- functions given, for example in Ref. HI"4]| .) In this graph the QFP is approached 
as tan /3 decreases. (The fact that proximity to the QFP gives a better value of m^ ole has 
been noted by a number of authors; for an early example see Ref. ||.) The result for m^° le 
is quite sensitive to the input value of 03 (and hence to the sparticle spectrum). 

In conclusion: detailed running coupling analyses for the dimensionless SSM couplings 
have been performed by a number of groups; we have not here duplicated in full these 
efforts, but instead investigated the effect on them of the three loop /3-functions. We have 
seen that the corrections are small; nevertheless it is possible that one day they will play 
a part in a very accurate comparison between the SSM and experiment. 

In non-minimal models, the three-loop terms may assume more immediate importance. 
Specifically, consider the possibility that f3^ = 0. In such cases two-loop corrections will 
clearly dominate the evolution of #3. It was shown in Ref. that at two loops perturbative 
unification is only just achievable. Evidently three-loop contributions will be important 
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here, and in fact improve matters. Models of this kind will have interesting phenomenology, 
with significant differences from the SSM.[|T5| 
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